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Abstract

Background: The interest in cell membrane has grown drastically for their important
role as controllers of biological functions in health and illness. In fact most important
physiological processes are intimately related to the transport ability of the membrane,
such as cell adhesion, cell signaling and immune defense. Furthermore, ion migration is
connected with life-threatening pathologies such as metastases and atherosclerosis.
Consequently, a large amount of research is consecrated to this topic. To better
understand cell membranes, more accurate models of ionic flux are required and also
their computational simulations.

Results: This paper is presenting the numerical simulation of a more general system
modelling ion migration through biological membranes. The model includes both the
effects of biochemical reaction between ions and fixed charges. The model is a
nonlinear coupled system. In the first we describe the mathematical model. To realize
the numerical simulation of our model, we proceed by a finite element discretisation
and then by choosing an appropriate resolution algorithm to the nonlinearities.

Conclusions: We give numerical simulations obtained for different popular models of
enzymatic reaction which were compared to those obtained in literature on systems of
ordinary differential equations. The results obtained show a complete agreement
between the two modellings. Furthermore, various numerical experiments are
presented to confirm the accuracy, efficiency and stability of the proposed method. In
particular, we show that the scheme is unconditionally stable and second-order
accurate in space.

Keywords: Reaction-diffusion system, Electromigration, Nonlinear coupled system,
Finite element method, Nernst-Planck equations, Numerical analysis, Enzyme kinetics,
Substrate suicide, Cooperative phenomena, Computational simulation

Background

Cell membrane is the biological membrane separating the intracellular environment from
the extracellular one. The cell membrane surrounds all cells and it’s selectively permeable,
permitting the free passage of some substances and restricting the passage of others, thus
controlling the flux of substances in and out of the cell. All diseases are problems of reg-
ulating the passage of materials at the level of the cell. Consequently, to understand the
cause of a disease, we need to understand the alterations that take place at the cellular
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level. Thanks to mathematical modeling, cell biology phenomena may be expressed by
ordinary differential equations or systems of partial differential equations.

An important class of models in cell biology, is the class modeling ion transport through
biological membranes. This transport phenomena occurs in most living cells and some
biochemical processes. The first models in the literature included one ordinary differ-
ential equation for each ion concentration. All this models were based on the implicit
assumptions that chemical concentrations are uniform in space. This assumption is rea-
sonable when the region of space where the reaction occurs is confined and very small.
Also this models assumed that the electric field is constant inside the membrane.

Despite that the constant electrical field assumption has the advantage of leading to
a simple mathematical analysis, all cells maintain a difference in electrical charge across
their membrane. This difference in charge give rise to a voltage difference, or electrical
potential. Furthermore, there are numerous situations in which chemical concentrations
are nonuniform in space. In this sense, we need to establish and compute more accurate
mathematical models of ions electromigration through biological membranes.

In this paper, we present the numerical simulation of a more realistic model of ions
electromigration through biological membranes. This model is more general than those
in literature of membrane transport as it extends them in four topics: 1) it’s a multidimen-
sional model, 2) it doesn’t rely on the constant electrical field assumption, 3) it consider
both the temporal and spatial dependence, 4) it includes different reaction kinetics terms.

Introduction

In this paper we consider a class of models of ions migration through biological mem-
branes. Such migrations exist for most living cells and some biochemical processes. The
motion of ions is supposed due to diffusion and to the effect of the electrical field.
Furthermore ions can undergo reactions. So the ions concentrations satisfy the Nernst-
Planck equations, including a kinetic reaction terms and the potential is given by Poisson

equation. The model is given by:

aC;
Btl — diAC; — midiv(C;V¢) = Fi(Cy,...,Cy,) inQr,fori=1,...,Ns
N
—eAp =) zCi—f in Qr
i=1
aC; 3
diafvl-#mici% =0 inZT,forizl,...,Ns (1)
¢(t:x) =0 in ZT
Ci(0,x) = Cip(x) on
¢ (0,x) = ¢o(x) on

where Qr =10, T[ x Q, > 7 =10, T[ x 3R, T > 0; Q is an open regular set of R? which
represent the biological cell and 92 represent the cell membrane.

For each i, C; is the concentration of the i species which has diffusion coefficient d;,
mobility m; and valency z;. ¢ is the electrical potential, f is the fixed charges concentration



Alaa and Lefraich Theoretical Biology and Medical Modelling 2013, 10:51 Page 3 of 21
http://www.tbiomed.com/content/10/1/51

and the F; are reaction terms. We suppose that F; depends continuously on the C; s and
¢, and that f is a bounded function. We suppose that d; is a positive constant for each i.

foralli=1,...,Ns Cio € L*() and satisfy Cjo > 0 2)

Further information about the modelling of the problem and its mathematical analysis,
can be found in [1].

In the biophysical literature, the early works on these models were interested in the
stationary case of passive migration (i.e., without reaction); see [2,3]. In all these works
two popular simplifications were considered, namely the Goldman hypothesis where
the electrical field is supposed to be constant inside the membrane and the electroneu-
tral hypothesis where the neutrality at each point of the membrane is assumed; see
for example [3]. Mcgillivray [4] recognized that these models are the limit of the full
equations when the ratio \/¢ = % of the Debye length to the membrane thickness goes to,
respectively, infinity or zero. Usually enzymes are held to biological membranes and ions
undergo biochemical reactions when crossing the membrane. Valleton [5] did a general
biophysical study of coupling of electromigration diffusion with biochemical reactions.

In this paper we present a numerical simulation of such systems, for a large class of
reaction kinetics, including the usual biochemical kinetics as the Michaelis-Menton one
(a mathematical analysis of the one dimensional and stationary case was done by [6]
then we did the mathematical analysis of the multidimensional unsteady case [1]). This
article is organized in the following way. The next section is devoted to finite element
discretisation of the mathematical model. Then, we present applications, results and
numerical experiments showing the accuracy, efficiency and stability of the proposed
method. Finally, conclusions are drawn in the last section.

Finite element discretisation

In order to show the numerical formulation of the problem, let V' = L%(0, T; HL()) be
the space of approximate solutions and W = H'(2) be the space of tests functions. Let
W be a finite element space of Lagrange P1 included in W and V” = L2(0, T; W") be
the finite dimensional subspace of V. Now we introduce the function Z, = (Z;)1<i<n;,
defined by

Zin = Cinexp (';’”(m)) fori=1,...,N,
i
Moreover, we consider
m; 1
Dij = exp jd’h and g, = —
i Pih

The Faedo-Galerkin formulation for the problem is given by, finding Z;, € V), for i =
1,...,Nsyand ¢, € V suchthat ¢, = 0in 9 :

o forevery w, € Wy a.e.t €]0,T[ and for1 <i < Ng,

% o inZipwn + [o diginVZinVwy = [ Fi(Zp)wy,

Zi(0) = q;n(0)Cl,

o forall v, € Wy, such that v, = 0in dQ and a.e. t €]0, T[ (3)
N;

& fo VouVvn = [o (X 2iginZin — Fva
j=1

on(0) =gl onQ
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where Fi(Xl,...,XNS) = Fi(q1,uX1, ..., 9N, 1 XN,) and Cf,lo' d)é‘ are the projections of
Cio, ¢o on Wy,

Let (y)1<j<m the mesh nodes, (®;)1<j<m the canonical basis of W}, we consider the
following two sets of index

Yo={jell:m], y € 02}
Y=[1:m]- Yo
We represent the solutions as Z; j(t,x) = Zazm(t)cb (x) for ii, = 1,...,N; and
}_
m
ont,x) = Y aj(t)Pj(x) with aj(t) = 0 for j € Yp. Then we set §z, = &z, (1) =

j=1
(az,, j(O)1<j<m forig =1,...,Nyand { = ¢y (2) = (a,»(t))lgfm.
Now let’s consider an uniform subdivision of [0, 7], we define a time step dt = %, for

N > 1. We pose then:
ty=ndt, 0 <n<N

Let’s note &z the approximation of £z, (¢,) and {y~ the approximation of ¢y (t,), then we
used an implicit scheme for the discretization of the time derivative. By the method of
finite elements see [7], we arrive at the following formulation of the problem: Find the

vectors nodal concentrations “;‘Zn+1 = (OlZVH—l }) for every 1 < i < N; and nodal
1/ 1<j<m

potential {yni1 = (oz‘ +1) with a1 = 0 for j € Y such that
7 J1gj=m /

1 — Q. -
dai <Al's,l¢n+1 SZZH _Ais&pn EZZ) +Ris,§¢n+1 SZZH = Sls:§¢n+l(szi‘+1 ree e ZXI-SH) foris=1,...,N;

N

eQyxy (Lpnt1)y = g::l (ZiSMis,gd,n)YXY (EZ;@)Y — By
§20 =82, (0), Lyo = 54(0)

Let Tj the mesh generation of ©Q containing nel finite elements. For a finite element
ex € Ty, let be T% = {ki, ko, k3} where ki, ko, k3 are the numbers of degrees of free-
dom of e; and Ne" are interpolation functions. We have ®;/,, = NZ‘ y @jfe, = N,flk where
s,le {1, 2, 3} 1far1d only if (z, ) € T x T,

X — Ls,n i _ Ls,1 i _
Where Aj ¢, = (“L; )1§i,j§m’ Rigepn = (’"L; )1§i,j§m' S,S,%HH (SZV,H,...,EZX[F) =

Isnt1 - — AV . — Lss11 —
(Si >l§i§m foris = 1,...,N5, Q = (@i)1<ij=m Mlsv;'(b”l = (W‘l, )lsijsm’ B =
(Bi)1<i<m (Xyxy means the extracted matrix from X by keeping lines and columns with
numbers belonging to Y)

nel nel
zs,n Z/ exp ( Z(xl q>1|€k) q)lxequHek = Za;sy” ek
5 k=1
where
3
g /g | Z_: NENGEf (i, /) € T x T*
j p=
0 ifiorj¢ T%
) nel nel
" =Y "d, / Za;%,‘ek))wp,‘e VP, = rg"
k=1 k=1
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where
3
) ) —mjg n ATek e ex T e ex
e _ | i Jo e | 7 Zlakkap VNJSVNEif (i, j) e T% x T
ij - b=
0 ifiorje¢ T¢%
nel m m m
is,n+1 X — M n+1 i
s = Z/ F; | exp —dl Zal CI>1|ek ZaZ?“,chMek’ Ce
k=1" =1 j=1
m m nel
—INs n+1 ) L is;n+1,ex
exp | — Do | D e @, | i =) s
s =1 =1 k=1
where

3 3 3 3
i 8 —my n+1 a7k 23 — N n+1prek k ek g ex
si”"“’ek = fek Fi; <exp( dy p;lakp Nkp) l_ZlaZi'“'kszz T .,exp( dng p§1akp Nkp) lgazﬂfl'klN’il ) N’Q ifieT
0 ifi ¢ T%

nel nel

€
k=1"¢ k=1

where
€, €, . PR
g = Jo VN VN if (i j) € T% x T
v 0 if iorj¢ T
nel m m nel
is,1 — i ig,m,e,
iy =Y [ exo (Y et o, ) @, 0 = Yo
k=1" ¢ 5 =1 k=1
where
3
nec _ |l exp (S S ap N NENE i (1) € 7 7
ij - b=
0 ifiorj ¢ T
nel nel
p=d [ e =3n
k=1"% k=1
where
o / INE ifie T
ﬂi = e
0 ifi ¢ T
Finally, finding &,11 = (Olzn+1j> for every 1 < i < Ns; and {1 =
is is 7/ 1<j<m

(a]."+1)1§j§m with aj”‘H = 0 forj € Yp such that

(Aisv{¢n+1 + dtRis,{,an) ‘SZ{'“ = Aigtyn ézﬁ + dtsis»§¢n+1 (52’1“'1’ s EZ}\’,‘”) foris=1,...,N;
S ° s
Ng

SQYXY (§¢”“)y = iSZ::I (zisMissfq}”)YXY (SZZ)Y - ﬂY
SZ?S = EZ,'S (0): {¢0 = §¢(0)

We have a nonlinear term due to Sis i Gzt EZ;\,IH) , we have dealt with according
1 s

to the model and thus to the expression of S ¢ ., -
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Results and discussion
In this section we present three numerical applications of ions electro-migration through
biological membranes. The models of the basic enzyme reaction, the suicide substrate

reaction and the cooperative reaction, are numerically simulated.

Result 1 : Enzyme kinetics (basic enzyme reaction)
To understand where some of the more complicated reaction schemes come from, we
consider a reaction that is catalyzed by an enzyme. Enzymes act as remarkably efficient
catalysts (generally proteins), by accelerating the conversion of some other molecules
called substrates into products via lowering the free energy of activation of the reaction,
but they themselves remain unchanged by the reaction. Thus, they are important in the
regulation of biological processes, for example as activators or inhibitors. One of the most
basic enzymatic reactions, first suggested by Michaelis and Menten [8], implies a sub-
strate S reacting with an enzyme E to form a complex SE which in turn is converted into
a product P and the enzyme. This is represented schematically by

S+Ek’é515ﬁ%p+15 4)

-1

here k1, k—1 and ko are constant parameters associated with the rates of reaction. We

denote the concentrations of the reactants by
C) = [E], C, =1[S], C; = [P], Cy = [ES].

Then the law of Mass Action applied to (4) leads to one equation for each reactant
and hence a system of nonlinear equations. The usual approach to these equations is to
assume that the initial stage of the complex C4, formation is very fast after which it is

essentially at equilibrium, then we get C4 in terms of Cy,

Cr0C k_1 + ka
4= ———— km=——"
Co + Ky k1
The basic enzyme reaction model becomes then
aC
%1 — d1AC) — mydiv(C1V ) = 0 in Qr
ol , - .
a; — dyACy — mydiv(CrV ) = —20% in Qr
9C3 , k .
.~ dsACs — msdiv(C3V ) = e in Qr
3
—eA¢ = ZZ,'C,’ —f in Qr
aC; 3¢ . ,
d; 8vl + miCiﬁ =0 in) p,fori=1,2,3.
ot,x) =0 in)
C1(0,x) = Cy1,0, C2(0,%) = Ca0, C3(0,x) =0 on 2
#(0,x) = ¢o(x) on
(5)
Algorithm of resolution
Before stating the resolution algorithm, we introduce the function Z; = (leh)1<i<3

defined by

Zip = Cipexp (Zi(th)) fori=1,2,3
;
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Moreover, we consider
m; 1
pin=-exp|—¢n) andqy, = —
d Dih
We used the following algorithm to calculate ¢, and Z;, then we calculate C;j by using
the reverse relation:

-
Cin = exp ( 7 L¢h) Zipn
14

e [Initialize: fori = 1,2, 3,

Zgh = Ci0(0,%)p;n(0, %),

0 mj
qip = €Xp ( ) ¢>h(0,x))
i

e loopovern
Atstepn:

n+1

¢ Calculate ¢, " solution of

€ /Q Vot vy, = /Q (214}, 2} ), + 224,25 ), + 235,25 ), — f) Vi

e Calculate q;‘zl, q;‘Jlgl, qg’zl by:

= e (o)
1
e (Calculate Z’le solution of

n+1 n+1 n n
Dy 21y — 4l
/ Lh “Lh d LWLk, 4 dy / a4z IV, =0
Q ¢ Q - ,

e Calculate Z;’Zl solution of:

+Lk+1 _ ontlk

Loop over k untill HZ;’ P Zy, H < eps
g g Ly(R2)
n+1 n+1,k+1 n+1 >n+1,k+1
Dop Lo — dy sy J ntly pntlhtly,, _ kaCi045), 2, ),
dt Witdz | daj Vo Wh=— il ik
Q Q Q km+dyy, Zyy,
where eps is the stopping criterion.
e (Calculate Zg;:lsolution of
n+1r—-n+1 n 7 n+1r—n+1
B Zan ~Bpan, o [ iy pnrig,, _ [ K2C0%0 2o
d Wht a3 | 3y Vizy VWh= ntlonil Vh
Q ¢ Q Q kv + 4y, Zyy
Numerical results

Here we present changes in substrate, product and enzyme concentrations. The cell is
represented by an ellipse with semi-major axis a=2 and semi-minor axis b=1. The dif-
fusion coefficient of the ions are di = 10 3m?s7 !, dy = 2.103m%s ! and d3 =
5.1073m2%.s~ L. The constants of reaction are kyy = 9.107> M, ky = 1,4.10* s1
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and ky = kg = ,% =1,55.108 M—1s71. The charge number of the ions arez; =1, z3 =
0 and z3 = 1. The electric charge density is f = 0.1C. The initial conditions are Cy,o =
1uM, Cyo = 800 uM, C39 = 0and ¢9 = —80 mV; the stopping criterion is eps = 10~%.
The time step of the simulation is dt = 10 3s.

Shown in Figure 1 is the spatial distribution of substrate concentration through the cell
at both initial and final time (t=0 and T=200 ms).

Figure 2 presents the spatial distribution of the product concentration through the cell
at both initial and final time (t=0 and T=200 ms).

In Figure 3, one sees the time evolution of the substrate and the product concentrations
at the center of the cell. It can be seen that the substrate decrease curve is the mirror
image of the product appearance curve. By observing the early times, it’s obvious that
the substrate loss and product appearance change speedily with time but as time goes on
these rates diminish, to reach zero when all the substrate has been converted to product
by the enzyme.

The Figure 4 shows, as predicted, the enzyme concentration remaining constant over
time.

Two simplifications of these equations have been quite popular in the literature while
computing membrane reactions, firstly the Goldman hypothesis where the electrical field
is supposed to be constant inside the membrane and secondly considering a system of
ordinary equations depending only on time and not the space. The added value of this
work is not considering all of those simplifications which leads to a more realistic model
and more accurate numerical results. Moreover, the results obtained are in agreement
with the experimental results found in the literature [9].

Result 2 : Suicide substrate kinetics
An enzyme system of major experimental concern; see [10,11], is the mechanism-based
inhibitor, or suicide substrate system, represented by Walsh et al. [12],

k
E+s2 xRyl Epip
o (6)
ky
Y—)E,‘

where E, S and P stand for enzyme, substrate, and product, respectively; X and Y, enzyme-

substrate intermediates; E;, inactivated enzyme; and the k ’s are positive rate constants.
In this system, Y has a choice of one of two pathways, namely, to E + P with rate k3

or to E; with rate k4. The ratio of these rates, k3/ky, is called the partition ratio and is

0.00078744 7.32040-013

0.00078744 7.32040-013

0.00078744 7.32040-013

0.00078744 7.32040-013

- 0.00078744 . 7.32040-013

Figure 1 The spatial distribution of the substrate concentration through the cell at initial time t=0
and final time T=0.2 s.

t=0 seconds t=0.2 seconds
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1.25648-005

1.25640-005

1.2564e-005

0.0008
.

1.25440-005

... -

Figure 2 The spatial distribution of the product concentration through the cell at initial time t=0 and
final time T=0.2 s.

0.0008

0.0008

t=0 seconds t=0.2 seconds

denoted by r. Each of these pathways are supposed to be irreversible over the timescale
of the reaction see [13]. S is known as a suicide substrate because it binds to the active
site of an enzyme—like a substrate—but the enzyme converts it into an inhibitor which
irreversibly inactivates the enzyme. Thereby, the enzyme ‘commits suicide’ In this way,
a suicide substrate can specifically target an enzyme for inactivation. Furthermore, sui-
cide substrates are particularly useful in drug administration, as they are not noxious in
their common form and only the designated enzyme can convert them to their inhibitor
form. For example, suicide substrates have been subject of investigation for use in the
treatment of depression (monoamine oxidase inhibitors, Seiler at al. [10]), epilepsy (brain
GABA transaminase inhibitors, Walsh [11]), and some tumors (ornithine decarboxylase
inhibitors, Seiler et al. [10]). Suicide substrate kinetics have been studied by Waley [13]
and by Tatsunami et al. [14], who had interest in the factor which determined whether
the substrate was exhausted before all the enzyme was inactivated. Waley proposed it was
ri, where p is the ratio of the initial concentration of enzyme to that of substrate, namely,
eo/so. Tatsunami et al., on the other hand, found the determining factor to be (1 + r)u.
When (1 + r)i > 1 the substrate is exhausted, while for (1 + r)u < 1, all the enzyme is
inactivated. When (1+r)u = 1, both occur. The interest is when e /s is not small, which

0.0008
"substrate.dat" —+—
"product.dat” X

0.0007

0.0006

0.0005

0.0004

Concentration

0.0003

0.0002

0.0001

0 20 40 60 80 100 120 140 160 180 200
Time (ms)

Figure 3 Evolution in time of substrate and product concentrations at the center of the cell.
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1.01e-006 T T T T T T

T
"enzyme.dat"

1.008e-006 -
1.006e-006 -

1.004e-006

1.002e-006

1e-006

Concentration

9.98e-007 [~

9.96e-007 |-

9.94e-007 |-

9.92e-007 |-

9.96-007 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200
Time (ms)

Figure 4 Temporal evolution of the enzyme concentration at the center of the cell.

was in effect assumed since both Waley [13] and Tatsunami et al. [14] used a quasi-steady
state approximation. The validity decreases for increasing values of eg/so. We denote the

concentrations of the reactants by
G =I[E], G=I[S], GG= [X], CG=[Y], G=[E], Coe=[P]

The law of mass action applied to (6) leads to one equation for each reactant and hence a

system of nonlinear equations. We obtain the following system

aC
351 — d1ACy — m1div(C1Ve) = —k1C1Cy + k_1C3 + k3Cy in Qr
a
3&2 —dyACy — madiv(CyVep) = —k1C1Cy + k_1Cs in Qr
d
ag —d3AC3 — m3div(C3Ve) = kiC1Cy — (k-1 + ko) C3 in Qr
d
854 — dy ACy — madiv(CyV @) = koC3 — (k3 + ky) Cy in Qr
a
355 — dsACs — msdiv(CsV ) = ksCi in Qr
d
T: — deACg — megdiv(CeV ) = k3Cy in Qr
6
—eAp =) ziCi—f in Qr
i=1
aC; d
4.2 L2 o in Y, fori=1,23,...,6.
ov v
¢(t,x) =0 in ),
C1(0,x) = eg, C2(0,x) = 59, C;(0,x) =0 onQ,fori=3,...,6.
#(0,x) = ¢o(x) on 2
(7)
Algorithm of resolution
Before stating the resolution algorithm, we introduce the function Z; = (Zi,h)l i<

defined by
m‘ .
Zin = Cipn exp(j(dm)) fori=1,...,6
1

Page 10 of 21
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Moreover, we consider

m; 1
Pin = exp(;fi’h) and g;p, = —
1

12

We used the following algorithm to calculate ¢, and Z;j, then we calculate C;j by using

the reverse relation:
Cin= exp(7¢h)zi,h
l

e Initializefori=1,...,6

Z}y, = Cio(0, x)pi(0, %),
0 —m;
4ip = €Xp <d¢h ©, x))
i
e Loopovern
Atstepn:

e Calculate ¢Z+1 solution of

6
e/ V¢Z+1Vvh :/ (Z ziqi 2, —f) vy
Q e\

n+1 n+1 n+1 n+1 n+1 n+1 by

* Calculateqy ), g5, q3, 5 da)y » 455, > Do

—m;
q;'fl-qi-l = exp < - L¢Z+l)
i

n+1 —n+l —n+l n+l n+l n+l . 3
e Calculate Zl,h ’Zz,h ’Z3,h ’Z4,h ’Z5,h ,Z(),h solutions of:

— initialize ZZZ'I’O =2} fori=1,...,6,
6

— Loop over k untill ”Z;’;l’kﬂ - ;’;l’k ‘ < eps
i=1" " ’ Ly ()

ntlZntlk+l q", 7"
/ Lh 1 Ll VI / FrIvZIk Yy,
dt ’ ’
Q Q

— 5,25

n+1Zn+1,k+1
2,h Z’hwh—l—dz/ quhAVZ;;l,kHVWh
Q % y

by

S— 5

Q

dt

n+1on+1k+1 _n+1n+1,k+1 n+1n+1,k
(—k1q2,h ZY R i ks Zs), )Wh

Il
5

n+lZn+1,k+1

A3 31 —q3,23),
y 5 dt ) ) Wh+d3 qg:ll;lvzgl,-;;l,k-ﬁ—lvwh
Q

55—

qn+lzn+l,k+l _ qn n
4.h 4.h 4,h4.h 1Lk+1
wy + dy / qZZIVZZ’Z k19w,
Q

dt

b\b\

n+1 >n+1,k+1 n+1 —>n+1,k+1
<k2q3,h Zg,h — (k3 + ka) ‘A Z4,h ) Wh

n+1on+1,k _n+1-n+1k+1 n+1 n+1,k n+1 —n+1,k
(_quz,h Zow g Lup T Thdzy Zy, tksdyy 2y, )Wh
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Q

Numerical results

Here we present changes in substrate, product, enzyme, inactivated enzyme and
the intermediate concentrations (XandY). The cell is represented by an ellipse
with semi-major axis a=2 and semi-minor axis b=1. The diffusion coefficients
of the ions are di = 10 3m2s L, dy = 2103m?s7, dy = 510 3m?s7!, dy =
1073m2. 571, ds = 2.1073m?s71, dg = 4.10~°m>.s71, the reaction parameters are k; =
257 ki =451 kg =12s1, k3 =10s ' and kg = 257 L. The charge number of the
ionsarez; = 1,20 =0, z3 =1, z4 = 1, z5 = 1 and zg = 0. The electric charge density is
f = 0.1C. The initial concentrations are ey = 0.5uM andsp = 0.5uM; and ¢9 = —80 mV'.
The time step of the simulation is df = 1072s. The data employed for the reaction
parameters and initial concentrations were taken from Burke et al. [15].

Figure 5 plots the changes in the concentration distribution of substrate from initial
time to final time. One can see that in final time the substrate was totally exhausted. This
complete consumption of the substrate is in agreement with the prediction of Tatsunami
etal. [14]as (1 +r)u =6 > 1.

In Figure 6, one sees the evolution of substrate concentration over time at the center of
the specimen.

Figure 7 shows the evolution of inactivated enzyme concentration over time at the
center of the specimen.

Figure 8 shows the numerical solutions for intermediate concentrations of X and Y.

In Figure 9, is represented the graphic of the evolution of substrate and product at the
center of the cell, comparing that result with Figure 3 (Michaelis and Menten model), here
the two plots are asymmetric which is logical as we know that an amount of the substrate

04951 0.33525

I 04951 0.33525
04951 .
04951 .

t=0 seconds

0.4951 t=0.57 seconds

029695
I 0.29695
4 029695
{ |
/
029695
g ——
[ S

- 0.29695

Figure 5 Substrate concentration from initial time to final time.

t=0.76 seconds t=8 seconds
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Figure 6 Evolution of substrate concentration over time at the center of the cell.

instead of being converted to product, is forming the inactivated enzyme (inactivating the
enzyme).

To illustrate, Figure 10 shows the decrease in the enzyme concentration unlike the
Michaelis Menten model (Figure 4); however, as the intermediate enzymes X and Y, van-
ish in few milliseconds, we see the loss in enzyme compensated by the production of the
inactivated enzyme: the enzyme commits suicide.

To highlight the accuracy of these results, we compared them first with the numer-
ical solutions and the approximate asymptotic solutions obtained both by Burke et al.
[15], they considered a system of ordinary differential equations depending on time as
they neglected the spatial aspect of the biochemical reaction, and they supposed that

0.09 T T T T T
zyme.dat' —+—
0.08 B

0.07 | 1

0.06 | 1

0.04 | 1

Concentration

0.03 | i

0.02 | i

0.01 | 1

0 \ \ \ \ \ \ \
0 100 200 300 400 500 600 700 800
Time (1/100)

Figure 7 Evolution of inactivated enzyme concentration over time at the center of the cell.




Alaa and Lefraich Theoretical Biology and Medical Modelling 2013, 10:51
http://www.tbiomed.com/content/10/1/51

0.03 T T T T T T T

' "X4dat"I7
"Y.dat" --+--

0.025

0.02

0.015

Concentration

0.01

0.005

0 L L L L L L L L L
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Figure 8 Evolution of the intermediate concentrations X and Y over time at the center of the cell.

the electrical potential inside the membrane remains constant. For the numerical solu-
tions Burke et al. [15] solved the system numerically, but for the approximate asymptotic
solutions they non-dimensionalise the same system, and used asymptotic methods and a
method detailed in Kevorkian and Cole [16]. Finally we compared our results with pre-
vious approximate methods of Tatsunami et al. [14] and Waley [17] which were based
on a pseudo-steady state hypothesis. This comparison shows that the results described
here are valid numerical solutions for the kinetics of suicide substrate system. The
solution for the substrate and inactivated enzyme are more accurate than those of pre-
vious approximations [14,17], especially in small time, which is by definition ignored
by any pseudo-steady-state approximate method. Furthermore, the method presented

"substrate.dalt" —
"product.dat" ------

Concentration

0 = 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800

Time (1/100)

Figure 9 Evolution of substrate and product concentrations over time.
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Figure 10 Evolution of enzyme and inactivated enzyme over time at the center of the cell.

here is specially useful in estimating the intermediate (X and Y) concentrations besides
incorporating the spatial and the electro-migration aspects of the phenomena.

Result 3 : Cooperative phenomena

An enzyme reaction is said to be cooperative if a single enzyme molecule, after binding a
substrate molecule at one site can then bind another substrate molecule at another site.
Such phenomena are quite common in living organisms. Another interesting cooperative
reaction is when an enzyme with several binding sites is such that the binding of one
substrate molecule at one site can affect the activity of binding other substrate molecules
at another site. This indirect interaction between distinct and specific binding sites is
called allostery, and an enzyme displaying it, an allosteric enzyme. When a substrate that
binds at one site increases the binding activity at another site then the substrate is called
an activator, otherwise (if it decreases the activity) it’s called an inhibitor.

As an example of cooperative phenomenon we consider the case when an enzyme has
two binding sites. A model for this consists of an enzyme molecule E which binds a sub-
strate molecule S to form a single bound substrate-enzyme complex X. This complex X
not only breaks down to form a product P and the enzyme E again, it can also combine
with another substrate molecule to form a dual bound substrate-enzyme complex Y. This
Y complex breaks down to form the product P and the single bound complex X. The
reaction mechanism is represented schematically by

k
s+E2 xR ELrp
o X ®)
S+X=Y3Z x+pP

k_3

Here k's are rate constants. We denote the concentrations of the reactants by

G=I[E], &=I[5], G= [X], G=[Y],CG= [P].
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Then the law of Mass Action applied to (8) leads to one equation for each reactant and

hence the system of nonlinear reaction. We have then

aCq

? —d1ACy — mdiv(C1Ve) = —k1 CoC1 + (k-1 + k2) C3 inQr
0
i — dyACy — madiv(CrV ) = —k1CoCr + (k-1 — k3C2) C3 + k_3C4 in Qr
B
? —d3AC3 — m3div( C3V ) = k1CoC1 — (ko1 + ka + k3Co) C3 + (k_3 + k4)Cs  in Qr
0
? — dyACy, — mydiv(C4V ) = ksCrCs — (k3 + ka)Cy in Qr
0
Tts — ds ACs — msdiv(CsV @) = koCs + kg Cy in Qr
5
—eAp = Z ziCi —f in Qr
i=1
aC; d
diav’+mici£=o in Y g fori=1,...,5
¢(t,x) =0 in )
C1(0,x) = eg, C2(0,x) = s9, C;(0,x) =0 on Q,fori=3,4,5.
¢ (0,x) = ¢o(x) on 2
9)
Algorithm of resolution:
Before stating the resolution algorithm, we introduce the function Z, = (Z;) l<i<s

defined by
mij .
Ziy = C;jpexp <d(¢h)> fori=1,...,5
i
Moreover, we consider

m; 1
Dijh = exp ;4511 and g;, = —
i Pin

We used the following algorithm to calculate ¢, and Z; j, then we calculate C; by using

the reverse relation:

Cin=exp| ——p | Zi
4

d

Initialize fori =1,...,5

Z?h = Ci0(0,%)p;n(0,%),

L

0 mi
Dip = eXP( ) én(0, x))
L

e Loopovern
Atstepn:

Calculate qbZ“ solution of

5
G/S;VquHVvh = /Q (ZziqthZ‘h —f) v
i=1

n+1 n+l  n+l  nt+l _ntl .
Calculate Dy Doy > Dy > Day > Do bY

+1 _ Mt
it = ()
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e (Calculate Z;’ZI,ZSZI,ZQ’ZI,ZZZI,ZEZI solutions of:

— initialize 250 = 2" fori=1,...,5,
ih ih
> Lk+1 1,k
— Loop over k untill ) || Z/FHH — ZnFbE Ly <P
i=1 ’ ’ 2(£2)

n+1n+1k+1 noon
/' T L1 — 4140
dt

1Lk+1
wy + di / 415 vz v,
Q

Il
{O\K)

n+1rn+1k n+1-n+1k+1 n+1rn+1k
(‘quz,h Zy, vy, 2y, + (k-1 + k2)qy, Zy ), )wh

qn-‘rerH-l,k-‘rl o qn n

2,h “2,h 2,h2,h ,

/ wy + do / q;‘ZIVZ;ZI k19w,
Q dt Q s )
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= L( Ky Zoy " ain Zig ko1 —ksqy Zoy " )5 2y, )Wh

1 +1,k
+/ k-3, Zy) " Wi
Q
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3,h “3,h 3,h“3,h ,

/ wy + ds / qulvzgzl k“th
Q dt Q s s

_ n+1on+1L,k+1 _n+1-on+lk+1 n+1 on+1,k+1\ _n+1n+1,k+1
= /Q (quz,h Zon i L (k-1 + ko +kady ), 255" D), Zs), )Wh

- f ((k_3+k4>quzzf'k) Wiy
Q

n+lzn+1,k+1 _ qn zn
4,h “4,h 4,h4,h 1,k+1
/ wy, —|—d4/ quVZZ; k+ Vwy
Q Q

dt

I
5

n+1on+1,k+1 _n+1 - n+1k+1 n+1 >n+1,k+1
(kng'h Zon " 3h L3 — (k3 +ka)dy ), Zy, ) Wh

qn+lzn+1,k+1 _ qn n

51 45k 5,145,k Lk+1

/ y wy + ds / e tvzE v,
Q ¢ Q 7 ’

+1 >n+1,k+1 +17n+1,k+1
:/ (kgq;h Z3, +kaqyy Zy), )wh
Q

Numerical results

Here, we present the evolution of product and enzyme concentrations over time in both
positive and negative cooperativity. We used the same constant parameters as the previ-
ous example for the diffusion coefficients of the species and the same initial conditions.
The cell is represented by an ellipse with semi-major axis a=2 and semi-minor axis b=1.
To ensure cooperativity, the positive rate constants are chosen by the following reason-
ing: Suppose that the binding of the first substrate molecule is slow, but that with one
site bound, binding of the second is fast (this is large cooperativity). This can be mod-
eled by letting k3 — oo and k; — 0 while keeping k; k3 constant, in which case K — 0
and K; — oo while K>K] is constant ( Kj and Ky were introduced as they appear in the
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Figure 11 Evolution of the product concentration in both positive and negative cooperativity.

expression of velocity reaction, this is discussed in details in the book by Keener and

Sneyd [18]), where
ko1 + ko
K=t
1 A
ka + k_3
Ky= ——.
2 ks

An enzyme can also exhibit negative cooperativity, in which the binding of the first
substrate molecule decreases the rate of subsequent binding. This can be modeled by
decreasing k3. We used for positive cooperativity K1 = 1000, Ky = 0.001 and K; = 0.5,
K, = 100 for negative cooperativity (this values were taken from [18]).
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Figure 12 Evolution of the enzyme concentration in both positive and negative cooperativity.
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Table 1 Convergence results for the basic enzyme reaction
Mesh size h1=03 hy= 0.1 h3= 0.05
Error 268.1077 721077 451077

Table 2 Convergence results for the suicide substrate reaction
Mesh size h;=0.3 hy= 0.1 h3= 0.05
Error 931073 221073 56107

Table 3 Convergence results for the cooperative reaction
Mesh size h1=03 hy= 0.1 h3= 0.05
Error 491074 28.107* 93.107°

In Figure 11, one sees that in positive cooperative reaction, the product concentration
is characterized by an “S-shaped” sigmoidal curve, which is different from other enzyme
reaction that exhibits a curve that tends to be hyperbolic. This results from cooperative
effects; in which the enzyme can bind more than one substrate molecule, but the binding
of one substrate molecule affects the binding of subsequent one.

In Figure 12, we plot the evolution of the enzyme concentration for both extreme
positive cooperativity and negative cooperativity.

The convergence test

The rate of convergence of the scheme is difficult to prove analytically. However, numer-
ical experimentation suggests that the scheme is second-order accurate in space. A
quantitative estimate of the convergence error was obtained by performing a number
of simulations for the same initial condition on a set of increasingly finer space meshes
and time steps. The initial conditions are constants. Let T the mesh generation of €,
and h(Ty) = max{diam(er)|e; € Ty}, we take h = 0.3,4 = 0.1 and 2z = 0.05. For
each mesh we integrate to time 7T with df = hl%‘ Note that as we refine the space
step we also refine the time step. The error of the numerical solution was defined as

Ny N n,k+1 nk
E(h) =dt x max‘Z.’ — ‘
( ) l;ngo P ih ih 12(Q)

The convergence of the basic enzyme reaction
In Table 1 is presented the error of convergence for different mesh sizes in the case of
basic enzyme reaction.

t z “£
(a) Time step dt=0.00025 {b]Timestep dt=0.0005 (C) Time step dt=0.001

Figure 13 Snapshots of the product concentration in the basic reaction at T=0.5 with three different
time steps, shown in subfigures (a), (b) and (c). The time steps are given below each subfigure.
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Figure 14 Snapshots of the product concentration in the suicide substrate reaction at T=4 with three
different time steps, shown in subfigures (a), (b) and (c). The time steps are given below each subfigure.

The convergence of the suicide substrate reaction
In Table 2 is presented the error of convergence for different mesh sizes in the case of

suicide substrate reaction.

The convergence of the cooperative reaction
In Table 3 is presented the error of convergence for different mesh sizes in the case of

cooperative reaction.

Stability and accuracy tests

Now, let us give some information about the numerical stability of our algorithms. We
perform a numerical experiment with different time step dt, % and %. These results sug-
gest that the scheme is indeed unconditionally stable as the solutions are quasi the same
for different time steps. To illustrate, we chose to represent the product concentration.

Stability of the basic enzyme reaction

In Figure 13, We display snapshots of the product concentration at time T=0.5 with three
different time steps dt=0.00025, dt=0.0005 and dt=0.001. We can see that the results are
quasi the same at the final time T.

Stability of the suicide substrate reaction

In Figure 14, we display snapshots of the product concentration at time T=4 with three
different time steps dt=0.0025, dt=0.005 and dt=0.01. We can see that the results are quasi
the same at the final time T.

Stability of the cooperative reaction

Figure 15 shows snapshots of the product concentration at time T=4 with three different
time steps dt=0.0025, dt=0.005 and dt=0.01. We can see that the results are quasi the same
at the final time T.

7\
!5; PO
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3 F; i ey
(@) Time step dt=0.0025 (b) time step dt=0.005 (€} Time step at=0.01

Figure 15 Snapshots of the product concentration in the cooperative reaction at T=4 with three
different time steps, shown in subfigures (a), (b) and (c). The time steps are given below each subfigure.
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Conclusion

In this paper, a new model simulating ions electro-migration through biological mem-
branes is proposed by using a more general mathematical model and a numerical
technique based on the finite element method. The results presented here demonstrate
that the model’s behavior agrees with the behavior of biochemical reactions as it’s con-
sistent with the physical interpretation of the phenomena. Moreover, after comparison
we can observe a complete consistency with literature findings [9,13-15,18]. A variety of
numerical experiments were presented to confirm the accuracy;, efficiency, and stability of
the proposed method. In particular, the scheme was shown to be unconditionally stable
and second-order accurate in space.
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