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Introduction

Abstract

Background: The maximum metabolic rate (MMR) of mammals is approximately proportional to
MO? where M is the mammal's body weight. Therefore, MMR increases with body weight faster
than does the basal metabolic rate (BMR), which is approximately proportional to M%7. MMR is
strongly associated with the capacity of the cardiovascular system to deliver blood to capillaries in
the systemic circulation, but properties of this vascular system have not produced an explanation
for the scaling of MMR.

Results: Here we focus on the pulmonary circulation where resistance to blood flow (impedance)
places a limit on the rate that blood can be pumped through the lungs before pulmonary edema
occurs. The maximum pressure gradient that does not produce edema determines the maximum
rate that blood can flow through the pulmonary veins without compromising the diffusing capacity
of oxygen. We show that modeling the pulmonary venous tree as a fractal-like vascular network
leads to a scaling equation for maximum cardiac output that predicts MMR as a function of M as
well as the conventional power function aMP does and that least-squares regression estimates of
the equation's slope-determining parameter correspond closely to the value of the parameter
calculated directly from Murray's law.

Conclusion: The assumption that cardiac output at the MMR is limited by pulmonary capillary
pressures that produce edema leads to a model that is in agreement with experimental
measurements of MMR scaling, and the rate of blood flow in pulmonary veins may be rate-limiting
for the pathway of oxygen.

The maximum metabolic rate (MMR) of mammals is
measured as the rate of oxygen consumption during the
maximum sustainable rate of exercise [1]. Unlike the basal
metabolic rate (BMR), which consumes oxygen at rates far
below the delivery capacity of the cardiovascular system
[1,2], the MMR is largely determined by the maximal rate

that the cardiovascular system can deliver oxygen to mito-
chondria in muscle tissue [1].

MMR has been measured in mammals ranging in size, M,
from 0.007 kg (pygmy mice) to 575 kg (cattle). Regression
of the logarithm of MMR (denoted Q) on the logarithm of
M gives a maximume-likelihood estimate (MLE) of the
exponent b in the allometric expression
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Q=aMt (1)

of 0.872 with a 95% confidence interval (CI) of 0.812-
0.931 for MMR data from 32 mammalian species [1]. In
contrast, regression analysis of BMR data from 619 mam-
malian species gives a MLE of the slope, 0.69, with 95%
CI, 0.68-0.70 [3]

To explain the scaling of the metabolic rate in mammals,
West et al. [4] and Bengtson and Eden [5] model the arte-
rial network as a structure that starts with a single tube
(aorta) that repeatedly branches into two (or more)
smaller tubes. Branching continues until a tube (small
arteriole) that supplies capillaries is reached. They assume
that all paths from the heart to capillaries pass through n
tubes and that the arterial network is a truncated self-sim-
ilar fractal (i.e., a fractal-like network). The smallest ves-
sels of the circulatory system have dimensions that vary
little with body size, whereas the dimensions of the aorta
and other great vessels are highly dependent on size. For
convenience, we define level 1 of the arterial tree (or
venous tree) as the smallest arterioles (or venules). These
have radius r; and length ;. Each level 2 vascular tube with
radius r, and length I, is connected to 77; level 1 structures.
In general, each level i+1 tube of radius r;,; and length [, ,
is connected to 77;1evel i tubes. It follows from the assump-
tion of a self-similar fractal that the branching ratio is a
constant (denoted 77) and that the ratio of tube lengths,
li,;/l, is also a constant (denoted L) throughout the
network.

The theory of West et al. minimizes the (pressure) x (vol-
ume) work of the heart that is required to pump one unit
of blood against a difference in pressure equal to the pres-
sure in the aorta minus the pressure in capillaries. This
work per unit of blood flow is proportional to the imped-
ance in the arterial network. Minimization of this energy
cost for pulsatile flow in arteries is claimed to require area-
preserving branching of the network (i.e., the ratio r,,/r;,
termed R, is equal to 7%/2) and, as a consequence, to
require that the density of capillaries in tissues is propor-
tional to M-/ (assuming that the diameter of the aorta
scales proportionally to M3/8 or that arterial blood volume
scales proportionally to M). The theory's 3/4-power scal-
ing prediction for metabolic rate follows from the
assumption that metabolic rate is proportional to the total
number of capillaries calculated as tissue capillary density
multiplied by M, an assumption that is reasonable for
MMR but not for BMR [1]. The theory of Bengtson and
Eden assumes that energy dissipation per endothelial sur-
face area is constant, leading to the conclusions that R is
equal to 72/5 and that the total number of capillaries is
proportional to M15/17 if the volume of blood in arteries
scales proportionally to M. If it is assumed that the diam-
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eter of the aorta scales proportionally to M3/8, the number
of capillaries is proportional to M15/16,

The scaling of the total number of capillaries in skeletal
muscle, where over 90% of energy metabolism occurs
during MMR exercise, is nearly identical to the scaling of
MMR [1], and, as noted above, this scaling is not propor-
tional to M3/4. The 95% CI for the scaling exponent for
total capillary volume, 0.909 - 1.0559, contains 15/16
but not 3/4. Moreover, if either of these theories is ade-
quate for predicting capillary density, it should correctly
predict the scaling exponent for capillaries in the lung,
which is 1.00 with 95% CI of 0.912 - 1.087 [6]. This CI
contains 15/16 but not 3/4.

A model for the maximum metabolic rate

While minimization of impedance does not by itself lead
to a correct prediction of capillary density in muscle and
lung tissue, it is clearly an important principle for design
of mammalian vascular systems [7,8]. The potential
importance of impedance is most apparent in the pulmo-
nary venous circulation, where the entire output of the
heart's right ventricle flows before blood enters the left
atrium of the heart. The driving force for pulmonary
venous return to the heart is the pressure at the venous
end of pulmonary capillaries minus the diastolic pressure
in the left atrium (denoted P, ).

The output of oxygen by the left ventricle of the heart into
the aorta is equal to the input of oxygen from the lungs to
the heart. This is equal to the cardiac blood output rate
multiplied by the maximum amount of oxygen per ml of
blood multiplied by the percent saturation of blood with
oxygen. Pressure in the model is strictly increasing with
flow. However, as pressure rises above oncotic pressure,
interstitial edema increases and then more and more fluid
accumulates within alveoli. Therefore, oxygen saturation
is strictly decreasing as a consequence of the increasing
barrier to oxygen diffusion from pulmonary air into cap-
illaries. As a result, there is a blood flow rate, denoted F,, .,
that produces the maximum uptake of oxygen in the
lungs, which is also the maximum output of oxygen to the
body. The pressure near the venous end of alveolar capil-
laries at F,,,, is denoted I1,,,,. Consequently, the pressure
gradient that drives the return of blood in pulmonary cap-
illaries back to the heart is

APmax = FmaxIp (2)

where AP, =I1,,,.- P, ,and I, is the impedance of the pul-
monary venous network. It is assumed that I, is propor-
tional to the oncotic pressure of blood, denoted I1,. The
value of IT,,,, is assumed to be approximately the same in
mammals of different sizes because II, appears to be
nearly invariant in mammalian species, being approxi-

Page 2 of 8

(page number not for citation purposes)



Theoretical Biology and Medical Modelling 2005, 2:31

mately 20 mm Hg [9-11] and P, is approximately 1 mm
Hg. (All pressures in this article are measured relative to
ambient pressure.) Therefore, the scaling of F,,, with
body size depends largely on the scaling of ,.

The impedance of the pulmonary venous network is a
consequence of its physical structure and the viscosity of
blood (termed v). The pulmonary arteries and veins form
parallel fractal-like networks in each lung with arteries
and veins of the same level having similar dimensions
[12,13]. Small venules have dimensions that are body-
size-invariant (r; approximately 10> m and [, approxi-
mately 10 m). These vascular tubes receive blood from
the capillaries in pulmonary acini, the structures that
comprise approximately 10,000 alveoli and that appear to
be body-size-invariant in mammals [14].

The impedance of a fractal-like network is the sum of
impedances contributed by each level of the network. We
assume that the impedance I; due to level i is the value cal-
culated fram the Paiceriille theory for non-turbulent fluid
flow, (8v/m)/(l; /N,-r,-4) , where Nj;is the number of level i
veqeele [al Coneeaniently ’i+1 is equal to
I; (Niri4li+1)/(Ni+1ri+14li) = IinL/R4 . The observation
that dimensions within acini are size-invariant leads to
the conclusion that 77, R and L are size-invariant in acini.
We assume that these ratios remain constant throughout
the network. Therefore, the factor 7L/R* (denoted &) is
assumed to be size-invariant, and the expression for I, is a
geometric series (when o # 1) that simplifies to

I, =[(8vh)/(xNyi)](1-a")/(1-a) (3)

Substitution of this formula into Equation (2) gives

Fax = APy (xNyi ) (1= ) /[(8v]) (1 - )] (4)

The assumption that the acinus is a size-invariant struc-
ture implies that the number of level 1 venules per acinus
is independent of body size. Consequently, the total
number of level 1 venules, N, is proportional to lung vol-
ume, which is proportional to body mass M [6]. The
parameter 7 is the number of branchings from the pulmo-
nary vein to level 1 venules. Therefore 77" = N, M, which
is written as 77" = M /M,. The constant M, is the mass of
body tissue supplied with the oxygen in blood flowing
through a single level 1 venule. This is estimated to be
approximately 10-5 kg [15,16] leading to the equation n =
[log(M)-log(10-°)]/log(n). Substitution for N; and n in
Equation (4) gives F,,,, = KM/ [1-{leg(M)-lo3(0.00001)] 'wwhere
¢ - .

otfes(m and K is  the
APy (71 )(1 —a)/(8Lv). The maximal rate oxygen
uptake in the lungs, Q, is U F,,,.,, where U, is the oxygen

constant
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Figure |

Regression analysis of MMR data in Table | (VO, max in ml/
min and body weight in kg) using the standard linear model,
Equation (1). The minimum SSR is 1.6308.

uptake in the lungs per unit of blood. Therefore, when «
#1,

Q = UOC M/ [l_é‘log(M)-log(OAOOOOI)] (5)

where C is a constant. Note that { depends on the base
used to define the logarithm. The base 10 is used in the
following regression analysis. When a = 1, we have

Q =U,C M/ [log(M)-log(0.00001)]/ log(n)  (6)

Equation (5) is termed the general pulmonary venous
flow capillary pressure model (PVFCP model), and Equa-
tion (6) is termed the constrained PVFCP model.

Testing model predictions

The conventional method for determining the best fit of
Equation (5) or Equation (1) to oxygen uptake data is to
find the values of the two parameters in the model that
correspond to a minimum of the sum of squares of resid-
uals (SSR), where a residual is defined as the logarithm of
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Table I: Maximum metabolic rates (Vo, max) of mammals from

Weibel et al.[1].

Mammal M (kg) Vo, max (ml/min)
Pygmy mouse 0.0072 1.884
Woodmouse 0.02 5.28
Deer mouse 0.022 4.928
Mouse 0.026 3.884
Chipmunk 0.09 21.485
Mole rat 0.136 14.58
Rat 0.278 23.13
Dwarf mongoose 0.43 54.44
Guinea pig 0.584 32.59
Rat kangaroo I.1 194.7
Banded mongoose 1.14 130
Genet cat 1.38 146.6
Spring hare 3 291.6
Agouti 3.22 3284
Suri 33 317.8
Dik-dik 42 228.1
Fox 451 897.5
Grant's gazelle 10.1 5393
Coyote 12.4 2283.3
Pig 18.5 1731.6
African sheep 21.8 1013.7
Goat 243 1344.7
Dog 25.9 3825
Wolf 27.6 4310
Pronghorn 284 8435
Lion 30 1800
Wildebeest 102 4468
Waterbuck 110 5172
Calf 141 5161
Pony 171 15185
Zebu cattle 193 5660
Eland 240 8640
Horse 453 56005
Steer 475 24225

a measured value of the uptake rate minus the logarithm
of the uptake rate predicted by the model for a mammal
of the experimentally measured weight M. The technique
is termed least squares logarithmic regression (LSLR). Fig-
ure 1 shows the best fit of the standard allometric model,
Equation (1), to the data in Table 1. The minimal SSR
occurs when b is 0.872 and the SSR is 1.6307. Figure 2
shows that the model of Equation (5), assuming that U, is
constant, fits the data equally well: the minimal SSR
occurs when the parameter {; which determines the slope
of this scaling expression, is 1.193, and the SSR is 1.6269.

In the analysis of data in Table 1, it is assumed that maxi-
mum oxygen uptake is proportional to cardiac output (i.e.
U,is constant). A more reasonable assumption is that oxy-
gen uptake is proportional to cardiac output multiplied by
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Figure 2

Regression analysis of MMR data in Table | (VO, max in ml/
min and body weight in kg) using the model of Equation (5).
The closed circles are the data points from Table |, and the
open circles are the graph of the physiologically-based model,
Equation (5), with parameters calculated from LSLR. The
minimum SSR is 1.6263.

the hemoglobin concentration of blood. The data in Table
2 include values of the hematocrit, which is nearly propor-
tional to hemoglobin concentration. Therefore, the maxi-
mal rate of oxygen uptake multiplied by 0.42 and divided
by the hematocrit (i. e., the oxygen uptake adjusted to a
hematocrit of 0.42) is now assumed to be proportional to
maximum cardiac output.

LSLR using the data in Table 2 and the model of Equation
(1) gives the value of 0.957 for b (R2=.9697) and SSR =
0.5890) when the SSR is minimized. LSLR using Equation
(5) finds that the SSR is minimized when ¢ equals 0.801
(SSR =0.5833). LSLR of predicted values of cardiac output
from Equation (5) using values of M from Table 2 and the
estimate for { of 0.801 gives b = 0.958 and R2 = 0.9991.
Clearly the predictions from Equation (5) are again nearly
indistinguishable from those of Equation (1), and Equa-
tion (5) fits these data as well as Equation (1) does.
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Table 2: Maximum metabolic rates of mammals adjusted to a standard hematocrit of 0.42 from Weibel et al.[1].

Mammal Body mass (kg) Hematocrit Vo, max (ml/min)

Measured value Adjusted value
Woodmouse 0.02 0.42 5.28 5.28
Mole rat 0.129 0.42 13.61 13.61
Rat 0.148 0.42 15.55 15.55
Guinea pig 0.595 0.5 33.2 27.888
Agouti 3.22 0.42 328.44 328.44
Fox 4.4 0.42 955.7 955.7
Goat 21 0.299 1386 1946.89
Dog 23.7 05 3455.5 2902.62
Pronghorn 28.4 0.456 8434.8 7768.895
Horse 446 0.55 60745.2 46387.24
Steer 475 0.4 24225 25436.25

While the logarithm of the function Q defined in Equa-
tion (5) is a nonlinear function of the logarithm of M, it is
clear from Figure 2 that the logarithm of Q closely approx-
imates a linear function of the logarithm of M. This obser-
vation is confirmed by substituting first-order
approximations into Equations (5) and (6): The scaling of
Q when =1 can be predicted directly from Equation (6).
Multiplying and dividing by log(M; ) gives Q o (M/
log(M;))/(1 - log(M)/log(M;)). Using logarithms to the
base e and the first-order approximation log,(1+x) = x
shows that log.(Q) is approximately equal to log,(M) +
log,(M)/log,(M;) plus a constant, i.e., Q is approximately
proportional to MY where b = 1 + 1/log,(M;). For M, =
0.00001 b = 0.914, which is close to the value from LSLR
of data simulated using Equation (6). A similar approxi-
mation analysis of Equation (5) shows that it too is
approximately a power function when ¢ is approximately
equal to 1. Figure 3 shows that, with the parameters used
in Figure 2, the logarithm of Q defined in Equation (5) is
nearly identical to a linear function of the logarithm of M.

Comparison with Murray's law

The estimate of &= 77L/R4 corresponding to {is 'os("). For
a branching ratio of 2 and {'= 1.193, «is estimated to be
1.054. For a volume-filling fractal distribution network, it
has been conjectured that [4]

L=, (7)

and this equation for L leads to the formula

R3=1.047. (8)

Equation (8) is remarkably similar to Murray's law for the

scaling of radii of arterial or venous networks, which states
that flow rate is proportional to the third power of vessel

radius [7]. For our network model, Murray's law implies
R3 = 73, and this equation together with the condition L =
713 implies o = 1. With this value of ¢, the slope of the
logarithm of Equation (6) depends only on the estimate
of M;. For M; = 0.00001 kg, Equation (6) is nearly identi-
cal to a power function with b = 0.916. Therefore, Murray's
law and the fractal length scaling relationship lead to the
constrained PVFCP model and predict that the slope
parameter of the scaling function is in the range of
observed values.

Discussion

The PVFCP model predicts that the logarithm of maxi-
mum oxygen uptake in mammals is approximately pro-
portional to the logarithm of body mass. If the radii of
veins in the pulmonary venous tree obey Murray's law,
then the constant of proportionality is in the range of
experimentally observed values for MMR. The PVFCP
model, like other published explanations for MMR scal-
ing, focuses on the supply of oxygen to the tissues. How-
ever, the PVFCP model differs from other explanations for
MMR scaling because it focuses on pulmonary blood
flow.

The PVFCP model and the model of Bengtson and Eden
[5] use the same mathematical description of pressure-
flow relationships in a vascular tree. While the model of
Bengtson and Eden [5] is consistent with current data on
MMR, the model's assumption of energy dissipation that
is proportional to vascular surface area is questionable as
a principle of mammalian design. For example, a hypo-
thetical mammalian species that replaces the R = 72/°
requirement of their theory with the R = 713 relationship
of Murray's law would reduce total energy dissipation in
arteries. This replacement would also give a higher pre-
dicted capillary density and consequently a higher MMR.
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Figure 3

Predicted values of MMR from Equation (5) for mammals
with the body weights in Table |. The straight line is the best
fit of the standard allometric model, Equation (1), to the pre-
dicted values.

It is instructive to compare the number of independent
parameters and assumptions in the PVFCP model with the
number of parameters and assumptions in the two fractal-
like models of the arterial network that predict metabolic
scaling [4,5]. All three models describe the vascular net-
work as a self-similar fractal-like tubular structure with
pressure gradients determined by Poiseuille's law. All
assume that the size of terminal (smallest) network tubes
is the same in mammals of different size and that blood
viscosity does not vary with body size. All contain the
branching ratio parameter 77 and the network length
parameter n. In the PVFCP model, a relationship between
71, n and body mass is derived from the assumption that
the number of terminal segments is proportional to body
mass, an assumption that is supported by observations. In
the other two models, a relation between these parameters
is derived from the assumption that arterial blood volume
is proportional to body mass, an assumption without
direct observational support. Network structure is related
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to metabolic rate in the PVFCP model by Equation (5),
which specifies the maximum rate of blood flow that does
not compromise pulmonary function. In the other mod-
els, such a relation is derived from the assumption that
metabolic rate is proportional to the number of capillaries
in the systemic circulation. In the PVFCP model, there is
one more independent parameter, ¢, which is defined by
fitting experimental data. The other models have two
additional parameters, L and R. Both models specify L
indirectly using the assumption of Equation (7). The
parameter R is specified by an energy minimization prin-
ciple in one model [4] and by an energy dissipation prin-
ciple in the other [5]. While the number of parameters
and assumptions in the PVFCP model is relatively large, it
is less than the number in the fractal-like network models
previously published. Another recent mathematical
description of metabolic scaling, the "Allometric Cascade"
model [2], is not discussed here because it is not a mech-
anistic model. Indeed, the two models appear compatible
because the PVFCP model could be integrated into the
"Allometric Cascade"” model to provide a mechanism-
based scaling term for the maximum rate of blood flow.

Weibel et al. [1] argue that it is the volume of mitochon-
dria in muscle tissue and the blood supply in capillaries in
muscle tissue that determine the scaling of MMR. This
view is supported by their demonstration that MMR is
remarkably correlated with and is proportional to mito-
chondrial volume (b = 1.09, RZ = 0.9939) and to esti-
mated capillary blood volume in muscle tissue (b = 0.975,
R2=10.9846). However, total mitochondrial volume and
blood volume in muscle capillaries can be increased by
exercise conditioning, and the correlation between capil-
lary surface area and MMR or between mitochondrial vol-
ume and MMR may arise from such conditioning.

In the formulation of the PVFCP model, the role of gravity
in facilitating or impeding the return of pulmonary blood
to the heart has been ignored. Blood that is one inch
higher than the left atrium has potential energy to facili-
tate its return to the heart that is approximately equivalent
to a 2 mm Hg pressure gradient. For small mammals (e.g.,
mice), gravitational effects would be small compared with
the approximately 20 mm Hg pressure gradient that we
assume drives blood return during MMR exercise. How-
ever, for large mammals (e.g., elephants and whales), the
effects of gravity will significantly increase blood return
from regions of lung above the heart, but decrease blood
return from regions below the heart. Therefore, Equation
(5) may not adequately describe MMR blood flow in large
mammals.

A second reason for doubting the validity of Equation (5)
for large mammals is that intervals of the heart cycle
increase with body size. The minimum length of the heart
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cycle (at maximum heart rate) is largely composed of the
time required for the ventricles to fill plus the time
required for the ventricles to eject blood into the pulmo-
nary artery and aorta. At maximal heart rate, ventricular
filling time is nearly equal to the PR interval, which is
approximately proportional to the 1/4-power of body
mass [17]. If the sum of the QRS interval and the ST seg-
ment, which is nearly equal to the time required to eject
blood from the ventricles, has similar scaling, then the
scaling exponent for maximum heart rate is less than the
scaling exponent for the MMR divided by body mass, i.e.,
the specific maximum metabolic rate (SMMR). Thus,
maximum heart rate, not the limitation posed by pulmo-
nary venous impedance, may limit MMR for very large
mammals.

The biological plausibility of the relation between MMR
and I, proposed in the PVFCP model depends on whether
pressures in lung capillaries approach the oncotic pressure
of blood during periods of maximal exertion. In healthy
humans at rest, the pressure difference between pulmo-
nary capillaries and the left atrium ranges from approxi-
mately 5 to 11 mm Hg [18]. Assuming that the value of 5
mm Hg occurs when pulmonary veins are dilated, this
pressure difference is predicted to increase by a factor of
approximately 4 during heavy exercise in a trained athlete
when cardiac output increases by a factor of 4 (assuming
that the pulmonary veins are in a comparable state of dila-
tion). This would require the capillary pressure to rise to
approximately 21 mm Hg. It is noteworthy that signs of
pressure stress are sometimes observed in pulmonary tis-
sue from trained endurance athletes [19].

Studies of human patients with narrowing of the mitral
valve, the valve between the left atrium and left ventricle,
are consistent with the hypothesis that I, limits maximum
metabolic rate. This condition, termed mitral stenosis,
causes an increase in P; ,. Patients with a P, , below 20 mm
Hg usually do not have pulmonary edema at rest but may
develop it with exercise. Furthermore, women with a P,
between 18 and 20 mm Hg are at risk for developing pul-
monary edema during pregnancy where the cardiac out-
put at rest increases on average by approximately 50%
[20-22].

Additional support for the proposed role of pulmonary
impedance in determining MMR comes from studies of
horses, which have an MMR well above the value pre-
dicted by the allometric equation fitted to the data in
Table 1[1]. Horses at rest have pulmonary capillary blood
pressures that are above those in humans with mitral ste-
nosis and pulmonary edema with exercise. Horses are
apparently able to exercise without developing pulmo-
nary edema because they are able to "concentrate" their
blood during periods of exertion. The concentration of
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erythrocytes (measured as the hematocrit) is increased
during exercise [23]. This requires a preferential loss of
water that likely occurs in capillaries of the systemic circu-
lation. As a result, the concentration of albumin in blood
is increased and the oncotic pressure of blood is increased.
This adaptation enables a horse at a gallop to tolerate pul-
monary capillary pressures as high as 38 mm Hg [24].

Horses possess a second adaptation that allows them to
increase their SMMR. Their ratio of lung volume to body
mass is approximately 20% greater than the average value
for mammals [6]. To pump blood through their large
lungs at an unusually high rate per unit lung volume,
horses possess a heart that is larger (as a fraction of body
mass) than the average value for mammals [25]. This ena-
bles them to achieve a SMMR that is more than twice that
of a cow of similar size. However, even with its remarka-
ble adaptations, no horse can sustain the SMMR that
pygmy mice and other small mammals can achieve [1].
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